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INFINITE NORM OF THE DERIVATIVE OF THE
SOLUTION OPERATOR OF EULER EQUATIONS
Y. CHARLES LI
Abstract. Through a simple and elegant argument, we prove
that the norm of the derivative of the solution operator of Euler
equations posed in the Sobolev space Hn, along any base solution
that is in Hn but not in Hn+1, is infinite. We also review the coun-
terpart of this result for Navier-Stokes equations at high Reynolds
number from the perspective of fully developed turbulence. Fi-
nally we present a few examples and numerical simulations to show
a more complete picture of the so-called rough dependence upon
initial data.
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1. Introduction
The solution operator of Euler equations of fluids is nowhere differen-
tiable [2] [3]. This is what we called “rough dependence on initial data”
for Euler equations. There are several ways for the solution operator
to be non-differentiable. The most common way is that the norm of
the derivative of the solution operator is infinite. Other ways include
that the norm of the formal derivative of the solution operator is finite
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but the Fre´chet definition of derivative is violated. Our Main Theorem
of this paper is:
Theorem 1.1. If the Euler equations are posed in the Sobolev space
Hn and the base solution is in Hn but not in Hn+1, then the norm of
the formal derivative of the solution operator is infinite when t > 0.
If u0 is an element in H
n but not in Hn+1, then for any v0 in H
n+1,
u0 + v0 is an element in H
n but not in Hn+1. Thus there are more
elements in Hn but not in Hn+1 than in Hn+1. When n > d
2
+ 1
(d is the spatial dimension), each initial element in Hn generates a
local solution of the Euler equations in Hn, and each initial element in
Hn+1 generates a local solution of the Euler equations in Hn+1. Thus
Theorem 1.1 is valid for a majority of base solutions in Hn.
Even though it is everywhere differentiable, the solution operator
of Navier-Stokes equations will somehow approach the solution oper-
ator of Euler equations in the infinite Reynolds number limit. This
is the regime that we are most interested in from the perspective of
fully developed turbulence. In this regime, we believe that the norm
of the derivative of the solution operator along turbulent solutions of
Navier-Stokes equations will approach infinity in the infinite Reynolds
number limit. Since the norm of the derivative of the solution operator
measures the maximal growth of perturbations, perturbations in fully
developed turbulence grow superfast. This is what we called “rough
dependence on initial data” for fully developed turbulence. Our the-
ory is that fully developed turbulence is initiated and maintained by
such superfast growth of ever existing perturbations [6]. Such super-
fast growth can reach substantial scale even in short time, and leads
to superfast nonlinear saturation and short term unpredictability of
fully developed turbulence. The superfast growth of perturbations also
implies that the turbulent solution of Navier-Stokes equations and the
turbulent flow in reality (lab or nature) can be substantially different
in short time, even though they have the same initial condition.
2. Basic formulation
The Navier-Stokes equations are given by
ut − 1
Re
∆u = −∇p− u · ∇u,(2.1)
∇ · u = 0,(2.2)
where u is the d-dimensional fluid velocity (d = 2, 3), p is the fluid
pressure, and Re is the Reynolds number. Setting the Reynolds number
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to infinity Re = ∞, the Navier-Stokes equations (2.1)-(2.2) reduce to
the Euler equations
ut = −∇p− u · ∇u,(2.3)
∇ · u = 0.(2.4)
For any u ∈ Hn(Rd) (n > d
2
+1), there is a neighborhood B and a short
time T > 0, such that for any v ∈ B there exists a unique solution to the
Navier-Stokes equations (2.1)-(2.2) in C0([0, T ];Hn(Rd)). As Re→∞,
this solution converges to that of the Euler equations (2.3)-(2.4) in the
same space [4] [5]. For any t ∈ [0, T ], let St be the solution map:
(2.5) St : B 7→ Hn(Rd), St(u(0)) = u(t),
i.e. the solution map maps the initial condition to the solution’s value
at time t. The solution map is continuous for both Navier-Stokes equa-
tions (2.1)-(2.2) and Euler equations (2.3)-(2.4) [4] [5], but nowhere
differentiable for Euler equations [2] [3]. Even though the derivative
of the solution map for Navier-Stokes equations (2.1)-(2.2) exists, it
is natural to conjecture that the norm of the derivative of the solu-
tion map along turbulent solutions approaches infinity as the Reynolds
number approaches infinity. The following upper bound was obtained
in [6].
(2.6) ‖DSt(u(0))‖ = sup
du(0)
‖du(t)‖n
‖du(0)‖n ≤ e
σ
√
Re
√
t + σ1t,
where du(0) is any initial perturbation of u(0), ‖ ‖n represents the
Sobolev Hn norm, and
σ =
8c√
2e
max
τ∈[0,T ]
‖u(τ)‖n, σ1 =
√
2e
2
σ,
where c only depends on n and the spatial domain. The above bound
also applies to spatially periodic domain Td instead of Rd.
Sometimes, it is convenient to use the Leray projection of the Navier-
Stokes equations. The Leray projection is an orthogonal projection in
L2(Rd), given by
Pg = g −∇∆−1∇ · g.
Applying the Leray projection to the Navier-Stokes equations (2.1)-
(2.2), one gets
(2.7) ut +
1
Re
∆u = −P (u · ∇u) ,
and the corresponding Euler equations
(2.8) ut = −P (u · ∇u) .
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3. Proof of the Main Theorem
Here we will present a simple and elegant proof of the Main Theorem
1.1. We will present the periodic boundary condition case, of course
the same proof applies to other boundary condition cases that allow
translational invariance.
Proof. The Euler equations (2.3)-(2.4) are translationally invariant, i.e.
if u(t, x) is a solution, then u(t, x−at)+a are also solutions for constant
vectors a. Using Fourier series, we have
u(t, x) =
∑
k∈Zd
uk(t)e
ik·x,
U(t, x, a) = u(t, x− at) + a = a+
∑
k∈Zd
uk(t)e
ik·(x−at).
Let u(t, x) be any solution that is inHn but not inHn+1, then U(t, x, a)
is a family of solutions parametrized by a, which have the same prop-
erty, and U(t, x, 0) = u(t, x). Notice also that
U(0, x, a) = u(0, x) + a.
By varying a around a = 0, we can make a directional variation of the
initial condition around u(0, x), which leads to a directional derivative
of the solution operator:
∂
∂am
U(t, x, a)|a=0 = ∂
∂am
a +
∑
k∈Zd
(−ikmt)uk(t)eik·x, m = 1, · · · , d.
Thus
d∑
m=1
‖ ∂
∂am
U(t, x, a)|a=0‖2n
= d(2pi)d + t2(2pi)d
∑
k∈Zd
(|k|2 + · · ·+ |k|2(n+1)) |uk|2
= d(2pi)d + t2
(‖u(t, x)‖2n+1 − ‖u(t, x)‖20) .
Since ‖u(t, x)‖n+1 =∞,
‖ ∂
∂am
U(t, x, a)|a=0‖n =∞, when t > 0,
for some m. Since it is the supremum over the norms of all directional
derivatives, the norm of the derivative of the solution operator along
u(t, x) is infinite, and this completes the proof of the main theorem. 
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4. Example 1 - the trivial one
Under either periodic condition or decaying boundary condition in
the whole space, the base solution is the trivial solution u = 0 (p = 0).
Then the corresponding linearized equations of (2.7) are given by
dut − 1
Re
∆du = 0,
and the corresponding linearized equations of (2.8) are given by
dut = 0.
Thus
(4.1) du(t) = e
t
Re
∆du(0).
Starting from the same initial condition δu(0) = du(0), the increment
δu(t) satisfies
δut − 1
Re
∆δu = −P(δu · ∇δu),
in the Navier-Stokes case, and
δut = −P(δu · ∇δu),
in the Euler case. By the method of variation of parameters,
(4.2) δu(t) = e
t
Re
∆δu(0)−
∫ t
0
e
t−τ
Re
∆
P(δu · ∇δu)dτ,
in the Navier-Stokes case. Applying the inequality
‖e tRe∆u‖n ≤
(
1√
2e
√
Re
t
+ 1
)
‖u‖n−1,
where ‖ ‖n represents the Sobolev Hn norm (n > d2 + 1),
‖δu(t)‖n ≤ ‖δu(0)‖n + 2c
∫ t
0
(
1√
2e
√
Re
t− τ + 1
)
‖δu(τ)‖2ndτ,
where c is a constant that only depends on n and the spatial domain.
Then
max
t∈[0,T ]
‖δu(t)‖n ≤ ‖δu(0)‖n+2 max
t∈[0,T ]
‖δu(t)‖2n
∫ t
0
(
1√
2e
√
Re
t− τ + 1
)
dτ.
Thus
max
t∈[0,T ]
‖δu(t)‖n ∼ ‖δu(0)‖n, as ‖δu(0)‖n → 0.
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In view of the fact that δu(0) = du(0), (4.2)-(4.1) leads to
δu(t)− du(t) = −
∫ t
0
e
t−τ
Re
∆
P(δu · ∇δu)dτ,
which can be estimated as above,
‖δu(t)− du(t)‖n ∼ ‖δu(0)‖2n, as ‖δu(0)‖n → 0.
Thus when Re < ∞, the derivative of the solution operator at the
trivial solution exists, and is given by (4.1). But in the Euler case,
δu(t)− du(t) = −
∫ t
0
P(δu · ∇δu)dτ,
and ‖δu(t) − du(t)‖n is not of order o(‖δu(0)‖n), as ‖δu(0)‖n → 0.
Thus in the Euler case, the derivative of the solution operator at the
trivial solution still does not exist, even though the norm of the formal
derivative is bounded.
5. Example 2 - the simple one
The base solution is the 2D Couette linear shear u = (x2, 0). The
boundary conditions are
u = (±1, 0), at x2 = ±1,
in the viscous case, no u1 condition (slip) in the inviscid case, and
periodic boundary condition along x1-direction with period 2pi. It is
more convenient to use the vorticity variable
ω =
∂u2
∂x1
− ∂u1
∂x2
= −∆ψ,
where
u1 =
∂ψ
∂x2
, u2 = − ∂ψ
∂x1
.
In terms of the vorticity variable, the 2D Navier-Stokes equations take
the form
ωt − 1
Re
∆ω = −u · ∇ω.
The linearized 2D Navier-Stokes equation at the Couette linear shear
is given by
dωt − 1
Re
∆dω = −x2dωx1.
In terms of Fourier series
dω =
+∞∑
n=−∞
dωn(t, x2)e
inx1 , dω−n = dωn,
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we have
∂tdωn + inx2dωn =
1
Re
(∂2x2dωn − n2dωn).
Let
dωn = dΩne
−inx2t, dΩ−n = dΩn,
then
∂tdΩn =
1
Re
[∂2x2dΩn − i2nt∂x2dΩn − n2(t2 + 1)dΩn].
When Re =∞, i.e. for inviscid linearized Couette flow,
dΩn(t, x2) = dΩn(0, x2).
Thus [12]
dω(t, x1, x2) = dω(0, x1 − x2t, x2).
When Re <∞, using Fourier transform
dΩn =
∫ +∞
−∞
dΩnξ(t)e
iξx2dξ, dΩ(−n)ξ = dΩnξ,
we have
∂tdΩnξ =
1
Re
[−ξ2 + 2ntξ − n2(t2 + 1)]dΩnξ.
Thus
dΩnξ(t) = dΩnξ(0)e
− t
Re
[(ξ− 1
2
nt)2+n2( 1
12
t2+1)],
dΩn(t, x2) =
∫ +∞
−∞
dΩnξ(0)e
− t
Re
[(ξ− 1
2
nt)2+n2( 1
12
t2+1)]eiξx2dξ,
and
dω =
+∞∑
n=−∞
einx1e−inx2tdΩn(t, x2)
=
+∞∑
n=−∞
einx1e−inx2t
∫ +∞
−∞
dΩnξ(0)e
− t
Re
[(ξ− 1
2
nt)2+n2( 1
12
t2+1)]eiξx2dξ.(5.1)
Thus
‖dω‖2H0 = 4pi2
+∞∑
n=−∞
∫ +∞
−∞
|dΩnξ(0)|2e− 2tRe [(ξ− 12nt)2+n2( 112 t2+1)]dξ.
When Re =∞,
‖dω(t)‖2H0 = ‖dω(0)‖2H0.
When Re <∞,
‖dω(t)‖2H0 ≤ ‖dω(0)‖2H0.
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Based on calculations such as
∂x2dω =
+∞∑
n=−∞
[(−int)dΩn + ∂x2dΩn]einx1e−inx2t,
one can see that when Re = ∞, ‖dω(t)‖Hk is finite but grows in time
as tk for k = 1, 2, · · · . As in the case of Example 1, the norm of the
formal derivative here is bounded, but the derivative does not exist due
to the violation of the definition of Fre´chet derivative when Re = ∞.
When Re → ∞, the norm of the derivative in the Navier-Stokes case
approaches the norm of the formal derivative in the Euler case. Since
the linear Couette shear is in C∞, it is not a base solution that is in
Hk but not in Hk+1. Historically linear Couette shear was regarded
as one the canonical flows for the study of transition to turbulence.
Now we understand that it is not a good representative of transition
to turbulence. Indeed, it is both linearly and nonlinearly stable for
all values of Reynolds number including infinity [11]. On the other
hand, transition to turbulence does happen in lab Couette flow. Our
explanation of such a transtion is that states arbitrarily close to the
linear Couette shear are linearly unstable [10]. In a typical transition to
turbulence, the rough dependence may play a significant role when the
Reynolds number is large enough [8]. But for linear Couette flow, we
believe that the transition is due to what we just mentioned [10]. The
base solution of our next example does satisfy the criterion of being in
Hk but not in Hk+1.
6. Example 3 - periodic boundary condition
For 2D Navier-Stokes equations under periodic boundary condition
with period domain [0, 2pi]× [0, 2pi], we have the one-parameter family
of exact solutions [7],
u1 =
∞∑
n=1
1
n3+γ
e−
n
2
t
Re sin[n(x2 − σt)], u2 = σ,
which is a solution in the space C0([0,∞), H3) for all values of the
Reynolds number including infinity, 1
2
< γ ≤ 1, and σ is the real
parameter. The directional derivative in σ of the solution operator
along the above exact solutions ∂σF
t is given by [7]
∂σu1 =
∞∑
n=1
−t
n2+γ
e−
n
2
t
Re cos[n(x2 − σt)], ∂σu2 = 1.
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The norm of the derivative of the solution operator ∂σF
t has the lower
bound [7],
‖∂σF t‖H3 >
√
2pi +
pi√
e
tγ
(√
t
√
Re
2
√
2
)1−γ
.
As Re→∞,
‖∂σF t‖H3 →∞,
thus
‖∇F t‖H3 →∞,
since ‖∇F t‖H3 ≥ ‖∂σF t‖H3. When Re = ∞, direct calculation shows
that indeed
‖∂σF t‖H3 =∞,
thus
‖∇F t‖H3 =∞.
This example shows that the norm of the derivative of the solution
operator along the family of exact solutions is infinite in the Euler
case, and approaches infinity in the Navier-Stokes case as the Reynolds
number approaches infinity.
7. The generic case - numerical simulations
We conducted extensive numerical simulations under periodic bound-
ary condition [1][9]. At high Reynolds number (even moderate Reynolds
number), along generic solutions, generic perturbations amplify super-
fast (i.e. faster than exponential growth), typically as shown in Figure
1. In Figure 1(a), we plot the growth of the H3 norm of the perturba-
tion under the linearized Navier-Stokes dynamics at Reynolds number
Re = 1000, and in Figure 1(b), we plot the same figure in vertical
ln-scale. Clearly, the amplification of the perturbation is faster than
exponential growth. We want to emphasize that such superfast ampli-
fication is observed even for base solutions in H4 (in fact C∞), and for
moderate Reynolds number.
In [9], we conduct a large direct numerical simulation on the 3D
Navier-Stokes equations with resolution up to 20483 and Reynolds num-
ber up to 6210. We first run the numerical simulation for a long time
until the dynamics reaches homogeneous and isotropic turbulence. The
vorticity in this homogeneous and isotropic turbulence is very large, and
we use H0 norm to measure the perturbations. We are simulating the
situation that the H1 norm of the base solutions are very large, and
we measure their H0 norm. The square root nature of both time and
Reynolds number in the exponent of (2.6) is verified. Figure 2 shows
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(b) Re = 1000
Figure 1. The solid curve is the numerical result of
the super fast growth of perturbations where Λ(t) =
‖du(t)‖H3. The lower fitting dashed curve is e21.2
√
t. The
closest fitting dashed curve is e30
√
t.
0
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(∆
(0
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∆
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Re
∼ Re0.38
∼ Re1/2
Figure 2. The Reynolds number dependence of the am-
plifications of perturbations for different Reynolds up to
the time t = 0.3T0, where ∆ is the H
0 norm of the per-
turbation, and T0 is the large eddy turnover time which
is around 2. The dashed curve is a fit to ∼ √Re, and
the red (grey) curve is a fit to ∼ Re0.38.
the Reynolds number dependence of the amplifications of perturba-
tions. Thus we numerically verified our theory that fully developed
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turbulence is initiated, developed and maintained by such superfast
growth of ever existing perturbations!
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